Solutions/
Marking Scheme

T1

Dark Matter

A. Cluster of Galaxies

Question A.1
Answer Marks
Potential energy for a system of a spherical object with mass
4
M(r)=—7r’p and a test particle with mass dm at a distance r is given by
3 0.2 pts
M(r
du = MO gy
Thus for a sphere of radius R
_ R M(@) (R 4rr’p 2 o6 s SR
U _—jo G - dm_—j0 GT47zr pdr_—?Gn P jo r'dr 0.6 pts
16
— __G7Z_2 2R5
15 P
Then using the total mass of the system
4
M =—~R’
3 Y
0.2 pts
we have
2
U = _3GM
5 R
Total | 1.0 pts

Page 1 of 14



Solutions/ L T1
Marking Scheme =
Question A.2

Answer Marks

Using the Doppler Effect,
f=f —1 ~f,(1-p)
b 1+ 4 0 ’

where S =V/C and v <<c . Thus the j-th galaxy moving away (radial) speed
is

ri f, 0.2 pts

V, = C[i - lj
fi

All the galaxies in the galaxy cluster will be moving away together due to the
cosmological expansion. Thus the average moving away speed of the N
galaxies in the cluster is

c N N
:_WZ f - f Z(__IJ 0.3 pts

0 i=l

Alternative without approximation:

-SSR

Total | 0.5 pts
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Question A.3

Answer Marks

The galaxy moving away speed V,, in part A.2, is only one component of the

three component of the galaxy velocity. Thus the average square speed of each
galaxy with respect to the center of the cluster is

1 N~ —e 2 1 N
W;(Vi_ :WZI xi ch) +(Vy| Vyc) +(Vz| Vzc) 0.5 pts

Due to isotropic assumption

lN - 3N
NV

i=1

And thus the root mean square of the galaxy speed with respect to the cluster
center is

3Q 5 3 3 (<, 2 2
Vims = WZ(VH _Vrc) 3 WZ(V” 2Vchrl +Vcr ) = W Zvri _3Vcr
i=1 i=1

i=1

e L3 (53]

Alternative without approximation:
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0.3 pts

zZ|-
MZ
N
[
N |3
<
(39

rms

Total | 1.5 pts
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Question A.4

Answer Marks

The time average of dI'/dt vanishes

<d_F> _

dt /,
Now 0.6 pts
p. resp a6

: . + e

d Zp, L TPy
=2Fi-ﬁ+2mivi-vi=2|fi-ﬁ+2K

Where K is the total kinetic energy of the system. Since the gravitational force on
i-th particle comes from its interaction with other particles then

ZF F—ZF r_ZFJI i ZFIJ i ZFJI i ZFJI

i, j=i i<j i>] i<j i<j

(%, r) : mm

=X Fm-n)=-X6 ([-1)=-26——-=U,

i<j < |r"r i |F - | 5 If-

Alternative proof:
0.9 pts
ZF TL == Z Fl'?l = F21.F1 + F31.F1 + F41.F1 + -+ FNl'?l +

i,j#i
Fro?y + Fag. Ty + Fypo Ty 4 o+ Fyy By +
Fiats + Fpg T + Fyg T + - + Fys. Fa +
Fin. Ty + Fon. Ny + Fsy. Py + -+ Fyy_1. Py_1

Collecting terms and noting that ﬁij = —ﬁji we have

Page 5 of 14



Solutions/
Marking Scheme

Fip. (% = 7) + Fi3. (3 = 7)) + Fig. (7, — 7)) + -+ Fp3. (5 — 1)

+ F24. (F4 - Fz) + -+ F34. (F4 - Fg) + = ZF}V ?l _7:})

i<j
mi m] (7 —7) > mimy
Z G 2 (7 T}) Z Gim—=7 = Utot
i<j T |rl | i<j |ri 7
Thus we have
d—F=U +2K
dt
dr 0.2 pts
And by taking its time average we obtain<E=U +2K> =0 and thus
t
1 1
<K>t = ——<U >t . Therefore y =—.
2 2
Total | 1.7 pts
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Question A.5

Answer Marks

Using Virial theorem, and since the dark matter has the same root mean square
speed as the galaxy, then we have

<K>t = __<U >t 0.3 pts

M. 13GM
2 ™ 25 R

From which we have

5Ry2 0.1 pts

rms

3G

And the dark matter mass is then

5RV2 0.1 pts
o = rms ng
3G
Total | 0.5 pts
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B. Dark Matter in a Galaxy
Question B.1

Answer Marks

Answer B.1: The gravitational attraction for a particle at a distance r from
the center of the sphere comes only from particles inside a spherical
volume of radius r. For particle inside the sphere with mass m_, assuming
the particle is orbiting the center of mass in a circular orbit, we have 0.3 pts

m'(rHm, _ my,

S
r? r

G

with m'(r) is the total mass inside a sphere of radius r
m'(r) :izzr3msn

3
Thus we have 0.2 pts

1/2
v(r) = (_47zinms) r

While for particle outside the sphere, we have

A7GAM. R 1/2 0.2 pts
<[

3r
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The sketch is given below
v(r)
0.1 pts
R r
Sketch of the rotation velocity vs distance from the center of galaxy
Total | 0.8 pts
Question B.2
Answer Marks
The total mass can be inferred from
m'(Ry)m; _ myv;
— =
R, R,
Thus 0.5 pts
2
' VO Rg
mg =m'(R;) = G
Total | 0.5 pts
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Question B.3

Answer Marks

Base on the previous answer in B.1, if the mass of the galaxy comes only
from the visible stars, then the galaxy rotation curve should fall

proportional to 1/\/F on the outside at a distance r > R, . But in the figure

of problem b) the curve remain constant after r > Rg , we can infer from

gmmm, _ m.vg 0.3 pts

r? r

to make V(I) constant, then m'(r) should be proportional to r forr > Rg ,

i.e.forr>R,, m'(r) = Ar with A is a constant.

While forr <R, to obtain a linear plot proportional tor, then m'(r)

should be proportional tor?, i.e. m'(r) = Br°. 0.3 pts
Thus for < R, we have
r
m'(r) = '|',ot(r)47z'r'2 dr'=Br’
0
) 5 0.2 pts
dm'(r) = p,(r)4ar-dr =3Br-dr
. 3B
Thus total mass density p, (') = —
4
R 2
¢ m Vv
mg = J.£47zr'2dr': BR, orB=—F=—"
o 4m R, GR,
3V2 0.2 ptS
Thus the dark matter mass densit r= 0 _ —nm
y p(r) AGR. s
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While for r > R, we have
' Ry 12 r ' 12
m'(r) = JO p(r"anr dr'+fR p(r'Ydzr'=dr' = Ar
m'(r) = my +J: p(r"4m' dr' = Ar
9
0.2 pts
r 2
jR p(r4zr?dr'= Ar—M,
Naar’=A,orp(r)= :
p(r) p(r) -
Now to find the constant A.
A 4midr= A -R)= A
IR4m'2 ar'sdr'= A(r — g)_ r—mg
V2
Thus AR, =mgand A=-2
G
We can also find A from the following
0.3 pts
m'(r)m Arm.  mv; 2
MM, _ g AT _ MY ypusa=o
r r r G
Thus the dark matter mass density (which is also the total mass density
since n~0 forr >R, .
V2
r=—=>-forr >R
P 47Gr? ’
Total | 1.5 pts
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Interstellar Gas and Dark Matter
Question C.1
Answer Marks
Consider a very small volume of a disk with area A and thickness Ar, see Fig.1
\er(!’+er
1 4ar
P(r)
r
0.3 pts
g(r) P
Figure 1. Hydrostatic equilibrium
In hydrostatic equilibrium we have
(P(r)—P(r+Ar))A—pg(r)AAr =0
AP Gm'(r)
Ar r
0.2 pts
dP Gm'(r) Gm'(r)
—=—p——>=-n(rym, ———=.
a P (mm, r?
Total | 0.5 pts
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Question C.2
Answer Marks
Using the ideal gas law P = n kT where n = N/V where n is the number
density, we have
P =kT dn(r) + kn(r)d—T =-n(rm, Gm_2(0
dr dr dr r
Thus we have 0.5 pts
2 2
m(r) = — KT ( r- dn(r) LT dT(r)j'
Gm, {n(r) dr T(r) dr
Total | 0.5 pts
Question C.3
Answer Marks
If we have isothermal distribution, we have dT/dr =0 and
KT, { r* dn(r)
m'(r)=—-—->_ ( 0.2 pts
Gm,{n(r) dr
From information about interstellar gas number density, we have
1 dn(r) _ 3r+p
n(r) dr r(r+p)
Thus we have 0.2 pts

_KTyr 3r+p

m(r) Gm, (r+f)
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Mass density of the interstellar gas is

(n=—""
Py Cr(B+r)
Thus
0 s KT,r 3r+ 8 0.3 pts
m'(r) = r MUz dr=—2—"—
(r) {(pg( )+ P (1) ey

» KT,r 3r+p
m'(r) = J(T P (T’ ))47# dr'= Gm, —(r+ﬂ)

m 2 2
( +pdm(r)j4ﬂf _ kT, 3r +6rﬁjﬁ
r(B+r)* Gm, (r+p)
kT, 3r’+érg+p3°  om 0.3 pts
pdm(r): 0 ﬂ ﬁ - ;

47Gm. (r+B)>°r*  r(f+r)

p

Total | 1.0 pts
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